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Prediction of Compressible, Laminar Viscous Flows Using
a Time-Marching Control Volume and Multiple-Grid Technique
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A new numerical technique for the prediction of laminar flows through the solution of the time-dependent
Navier-Stokes equations is presented. The solution procedure consists of an explicit, time-marching, control
volume technique which is second-order accurate in time and space. This scheme has been combined with a
multiple-grid convergence acceleration technique to form an efficient viscous flow solver. The technique has
been applied to a variety of internal and external geometries to obtain steady-state viscous solutions. Sample
cases comparing the numerical results to experimental data are shown to demonstrate the accuracy and ef-
ficiency of the technique.

Nomenclature

A = area of element
c = speed of sound
CP - specific heat at constant pressure
h = static enthalpy
H = total enthalpy
M = Mach number
TV = number of corner nodes of element
p = pressure
R = gas constant (air)
T = temperature
/ = time
u = nondimensionalized axial (x) component of velocity
v = nondimensionalized tangential (y) component of

velocity
y = velocity
x = axial component of Cartesian coordinate system
y = tangential component of Cartesian coordinate system
A = increment
\L = coefficient of viscosity
p = nondimensionalized density
</> = arbitrary primary variable
Subscripts and Superscripts
e = element
/ = node
T = stagnation conditions
x — axial component
y = tangential component
/ = upstream condition
2 = downstream condition
( )* = transpose of matrix
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Introduction

AT the onset of developing a viscous flow solver for
general engineering applications, the types of flowfields

to be predicted, as well as accuracy, flexibility, and speed or
computational efficiency of the numerical technique to be
used, must be considered carefully. A viscous solver which
can predict flows over a wide range of compressibility con-
ditions from subsonic through supersonic speeds, including
shocked flows, is usually desired. In addition, flows with
vorticies such as found in secondary, wake, or separated flows
should be modeled in such a procedure. Time-marching
schemes in conjunction with the Navier-Stokes equations take
into account most of the above considerations, but usually
lack in computational efficiency. Due to the large number of
grid points needed to resolve viscous flows, the resulting
calculation times involved in reaching a steady-state solution
using these schemes is usually quite large. There are ways of
reducing these computational times, however. An artificial
method is to take advantage of a powerful computer.
Spradley et al.1 have developed a time-marching, explicit,
control volume technique for laminar flows using a Mac-
Cormack-like scheme.2 Computational times for this code are
kept at reasonable levels through the use of a vector
processor. A more effective way of reducing computational
times for time-marching schemes is to make the numerical
method itself more efficient. New techniques have been
developed recently which accelerate convergence of time-
marching routines. An approach developed by MacCormack3

modifies the changes of primary variables in each stage of the
original predictor-corrector explicit technique using an im-
plicit-like correction step which has the effect of propagating
local changes through the entire global domain. Ni4 has
developed a procedure which combines a new second-order
scheme with a multiple-grid algorithm to solve the Euler
equations. The multiple-grid scheme used in this code is a very
effective explicit acceleration technique for hyperbolic
equations. The results of the multiple-grid scheme are similar
to the correction step of the MacCormack technique in that
local changes are propagated through the global domain at a
high speed. Johnson5 has used the Ni multiple-grid algorithm
to enhance the convergence of an explicit MacCormack
predictor-corrector scheme2 for the calculation of inviscid
and viscous flows. Recent research6 has led to the develop-
ment of a second-order accurate, laminar time-marching
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solver which when combined with the Ni multiple-grid scheme
provides for an efficient means of calculating a wide range of
viscous flows. Unlike the technique developed by Johnson, an
integral Lax-Wendroff-type scheme is used for the fine grid
solution in this work. As a consequence, the multiple-grid
algorithm becomes tightly coupled and consistent with the
fine grid solver.

The technique described in this paper is an explicit, time-
marching, control volume scheme. Laminar shear stress
terms, appropriate time step, and boundary condition
requirements properly account for the calculation of laminar
viscous flows. The integration of the controlling equations is
performed using finite element techniques which are known
for their accuracy and flexibility in describing the shape of the
element as well as the primary variable functions s ithin the
element. Instead of minimizing a variational or error func-
tion, as performed in a true finite element approach, basis
functions used to define the variation of the primary variables
within discrete elements are substituted into the Navier-Stokes
equations directly, and, upon integration, yield a two-step,
finite element, control volume technique. As a subset of the
finite element scheme, a projected area control volume in-
tegration technique arises when bilinear elements and linear
primary variable functions within the elements are used. Some
accuracy of the element integrations may be lost due to the
linear approximations in this scheme, but the ability to reduce
the two-step technique into a one-step scheme arises yielding a
more efficient routine.

The Ni multiple-grid convergence acceleration routine used
in conjunction with this numerical technique calculates
second-order time-rate changes over successively larger grids
resulting in a propagation of a local time-rate changes
through the global domain with relatively few operations.
Convergence to a steady-state viscous solution is reached in
significantly fewer time steps with the use of this routine. The
multiple-grid acceleration routine demonstrates the most
computational time savings when combined with the control
volume one-step scheme since it is the more efficient of the
two numerical techniques.

The multiple-grid convergence acceleration scheme has not
yet been connected to the finite element two-step solver due to
a lack of time. Application should be straightforward,
however, since the numerics involved in the multiple-grid
accelerator are quite similar to those of the Lax-Wendroff
technique used in the fine grid solver. Without the multiple-
grid accelerator, the computational times for the three-
dimensional finite element solver become quite large. Some
three-dimensional viscous flows have been calculated,
however, with encouraging results. These results will be
addressed only briefly at this time, though. A three-
dimensional control volume viscous solver does not exist at
this time. Therefore, for the sake of continuity and brevity,
the theory for two-dimensional laminar viscous flows will be
discussed only within this paper. The extension to three-
dimensional flows is relatively straightforward.

Navier-Stokes Equations
The differential Navier-Stokes equations prescribe the

conservation of mass, momentum, and energy of the fluid.
The equation of state and the viscosity law relate the pressure
and shear stresses to the density and temperature. Additional
assumptions of a perfect gas and adiabatic flow aid in sim-
plifying the set of equations to be solved. For adiabatic flow
with unit Prandtl number, the differential energy equation
reduces to an algebraic equation relating the stagnation and
static temperature.

The two-dimensional Navier-Stokes equations in con-
servation form are

where

dU dE dF

u=

and

P
pu

_ pv _
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pu

PU2+p-Tx_

pUV~Txy
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pv
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(2)
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The energy equation is given by

H=h+(V2/2) (4)
For a perfect gas,

p = pRT, H=CPTT, CP = yR/(y-l)

h = CPT (5)

Sutherland's law is used to relate the coefficient of viscosity to
the static temperature for air,

T \3/2 7^ + 198.6^
r+198.6°R

/>t = 0.0

(viscous)

(inviscid) (6)

The velocity components are nondimensionalized by the
upstream total velocity and the density is nondimensionalized
by the upstream density.

Computational Mesh
A general flowfield may be broken into small regular

polygons. These polygons are quadrilaterals for two-
dimensional flows. The computational mesh may be defined
through conformal mapping techniques, body-fitting
schemes, or simple algebraic algorithms. The meshes used in
the calculations herein are all body fitted and are generated
completely independent of the flow solver.

Finite Element Two-Step Numerical Technique
The finite element two-step technique consists of

calculating the first-order change in time of the primary
variables, p, u, and v, by integrating Eqs. (1-3). A distribution
of 1A/V, where Nis the number of corner nodes making up a
polygon, of the first-order time-rate change is given to each
corner node of the polygonal element. Second-order changes
in time are calculated by taking time derivatives of the Navier-
Stokes equations and then integrating them over new spatially
translated control volumes defined by connecting the cen-
troids of adjacent primary elements. The time step for this
explicit solver is based on the Courant, Friedricks, and Lewy
(CFL) wave propagation and diffusion stability criteria.7 The
procedure of updating the primary variables in time is per-
formed according to a second-order accurate Taylor series
expansion in time

First-
order
change

32<t>

Second-
order
change

(7)

(i) where 4> = p, u, and v.
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First-Order Changes in Time
Let each of the primary variables and the velocity com-

ponent spatial derivatives within a control volume be
represented by the function

The value of du/dx may be calculated using

du
dM = Vw-M (10)

r
X

_y _
= IA]*[SF\ (8)

also been used in this

=Aj +A2x+A3y = [A1A2A3 ]

Quadratic variable functions have
scheme.6

The polygonal element may be triangularized as shown in
Fig. la to produce subvolumes which have the correct number
of nodes to allow for the finite element approximation. By
substituting the nodal locations of the subvolumes into the
matrix [SF], solving for the coefficient matrix [A], and
substituting back into Eq. (8), the variable function arises in
the form:

(9)

where [K\ is the stiffness matrix which contains the geometric
weights of the subvolume nodes.

Equation (9) represents the finite element shape function
for each of the primary variables and the velocity component
spatial derivatives. Substitution of this function into the
Navier-Stokes equations (1-3) directly, instead of an error
function derived from these equations, results in a control
volume scheme upon integration. Thus, the finite element
control volume technique developed can utilize a wide range
of basis functions to describe the variation of the primary
variables within the discrete elements for increased accuracy,
while maintaining the simplicity of a control volume ap-
proach. The discrete equations for the first-order change in
time of the primary variables resulting from the integration of
Eqs. (1-3) and the use of Eq. (9) is given in Appendix A.
Green's theorem is used to convert area integrals for two-
dimensional geometries into closed line integrals.

Standard second-order accurate finite difference formulas
based upon adjacent nodal values are used to calculate the
grid-wise velocity derivatives at each node for all shear stress
terms. Metrics are then used to transform the grid-wise
derivatives into spatial derivatives. For instance, consider the
calculation of the derivatives du/dx and du/dy on a two-
dimensional mesh system, as shown in Fig. 2.

4
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where M is either the / or J grid tangent vectors which lie
along the streamwise and transverse grid lines, respectively.
The values of du/dx and du/dy may be calculated in terms of
du/dland du/dJfrom Eq. (10) resulting in

du
~dx

du
dy

</,/.-J
[/--/-!l y d i ydj\

d*Jr-i
where subscripts x and y refer to the x and y components of
the vectors. The derivative du/dlis calculated using a second-
order accurate central difference formula (except at solid
boundaries where forward or backward differencing is used)
which for uniform meshes reduces to

du

and the components of /are simply

(12)

(13)

The effect of using this technique is that the finite difference
formulas used to calculate derivatives such as du/dx rotate
correctly as the mesh changes directions.

Equations (A1-A3) in Appendix A give the first-order
change of p, pu, and pv with respect to the time of the sub-
volume. By assembling the matrices of the subvolumes into
matrices for the polygons prior to calculation of any time-rate
changes, the first-order change in time of the primary
variables within the polygons may be calculated directly using

(a) INTEGRATE FOR ELEMENT (b) DISTRIBUTE ELEMENT
FIRST ORDER CHANGE CHANGE TO NODES

i . i -1

Fig. 2 Example mesh for calculation of shear stresses.
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these same equations. The integral matrices of Eq. (A4) then
become assembled matrices for the polygons. The calculation
of the time-rate changes, therefore, are performed by a series
of simple matrix multiplication steps. The first-order changes
of the velocity components then are calculated from the chain
rule.

The first-order change at the polygonal element corner
nodes is calculated through a distribution of l/N of the
element change to each corner node, as shown in Fig. Ib. This
distribution step produces a second-order accurate solution at
each corner node.

Time Step
The time step At is calculated according to the CFL and

diffusion stability criteria which are described by Richtmyer
and Morton8:

At < min \L\
\V-L\+c+(2n/\L\).

(14)

where L is the directional vector crossing the element in the
stream wise and transverse mesh directions. The time step is
calculated for each polygonal element.

Second-Order Changes in Time
Second-order changes in time of the primary variables are

calculated by integrating the time derivative of the Navier-
Stokes equations over the local domain of a new spatially
translated element. The second-order element consists of that
area inside the perimeter which connects the centroids of the
primary polygonal elements, as shown in Fig. Ic.

As was the case for the first-order change, each of the
primary variables, as well as their spatial and time-rate
derivatives, are represented by finite element functions as
given by Eq. (9). Substitution of these functions into the time
derivative of the Navier-Stokes equations and subsequent
integration yields the finite element equations for the second-
order changes in time. These finite element discretized
equations may be obtained by taking the time-rate derivative
of the first-order change finite element equations (A1-A3) in
Appendix A. The second-order time-rate changes are applied
directly to the primary element corner node located at or near
the center of the translated second-order element (see Fig. Ic).
Second-order time-rate changes in the velocity components
are calculated from the second-order flux changes using the
chain rule.

When necessary, the spatial derivatives of the unsteady
shear stress terms associated with the time derivative fo the
Navier-Stokes equations are calculated with second-order
accurate difference formulas using time-rate velocity changes
of adjacent first-order elements. These unsteady viscous terms
have been found, however, to be necessary only for stability
in cases where strong channel wall curvature or shocks exist.
The accuracy of the steady-state Navier-Stokes solution does
not depend on their existence.

Boundary Conditions
Boundary conditions may be divided into two types:

freestream and solid walls. The freestream boundary con-
dition takes the form of either a constant total pressure, static
pressure, or "radiation" condition to be defined below.
Either a constant static or total pressure condition is used for
the upstream freestream boundary, depending on the
geometry of the problem. For viscous channel flow, a con-
stant static pressure condition is imposed. For inviscid
channel flow and general external flows, a constant total
pressure condition is more suitable. The downstream
freestream condition consists of constant static pressure for
subsonic channel flow or a radiation condition for supersonic
channel flow and general external flows. The radiation
condition is performed through a simple updating of the
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A t / 2

>| - A20j) At2/2

+ (-A20|-A2</>j) At2/2

(b) DISTRIBUTE FIRST AND
SECOND ORDER CHANGES
USING BIASED
DISTRIBUTION FORMULA

t + At t At

PRIMARY
ELEMENT

+ (±A2</>|±A20j) At2

(c) UPDATE IN TIME

4' 3'

— COARSE
N GRID

_ ._— — _J__ __ _._ (2AX, 2AY)
A ^1 v

AX I

-FINE
GRID
(AX, AY)

-2'

(d) MULTIPLE GRID SCHEME

Fig. 4 Control volume one-step technique.
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primary variables in time according to the flow equations.
Since a distribution of time-rate changes only occurs from the
computational domain, the radiation condition assumes that
the flow outside of the computational domain is at
equilibrium or steady state. Waves of time-rate primary
variable change, therefore, are not produced from the exterior
region. Convergence of the numerical scheme to a steady-state
solution is enhanced through the use of this boundary con-
dition.

For solid boundaries, a "no-slip" condition for viscous
flow and a "slip" condition for inviscid flow are imposed at
the wall. The first- and second-order changes in time of the
velocity components are set to zero for viscous flow in ac-
cordance with the no-slip condition. A wave reflection
condition, where the changes in the primary variables are
doubled at the wall, is used for the velocity components in
inviscid flow and for the density in both inviscid and viscous
flows. Both the first- and second-order changes in time of the
primary variables at the solid boundaries are typically only
one-half of those at the interior nodes. The wave reflection
condition is used to correct these differences and model the
actual wave phenomena at the wall.

In the calculation of the second-order changes along the
boundaries for the finite element two-step technique,
imaginary nodes a distance of one-half primary element
length away from the boundaries are used, as shown in Fig. 3.
The values of the first-order changes in time at these
imaginary nodes are assumed to be zero.

Smoothing—Artificial Viscosity
As has been shown by Ni and others, it becomes apparent

that artificial viscosity in the form of numerical smoothing of
primary variables must be introduced to the time-marching
scheme in order to maintain stability in supersonic, high
Reynolds number flows. Smoothing of the type discussed by
Ni is used in this computational technique. This smoothing
enables the scheme to converge to the correct physical solution
in regions where shocks exist but does tend to flatten the
gradients in pressure over two elements. Laminar shear
stresses do not produce enough physical viscous smoothing in
these flows to stabilize the scheme necessitating numerical
smoothing. The numerical smoothing is kept at minimum
levels, though. Smoothing of the density has been found to be
useful in low-speed freestream flows (M<0.1), as well as to
enhance convergence which is slowed due to low wave speeds
and the corresponding small time steps.

Control Volume One-Step Technique
The control volume one-step technique consists of

calculating the first-order change in time of the primary
variables p, pu, and pv by integrating Eqs. (1-3) using a simple
flux summing scheme. A biased distribution of element first-
order changes is given to each corner node of the primary
element. This distribution consists of I/TV plus an area-
weighted portion of the element change to each corner node.
The area-weighted portion is biased positive or negative such
that the net effect of the distribution of changes from
elements surrounding a given node results in the calculation of
the second-order time-rate change at the node. Time-step and
boundary condition requirements are the same as for the
finite element two-step technique.

First-Order Changes in Time
The control volume one-step scheme may be shown to be a

subset of the finite element two-step technique. First-order
changes in time are calculated similar to the finite element
two-step technique by integrating Eqs. (1-3) over small
polygons but using a projected area technique instead of finite
elements. By choosing bilinear elements and linear primary
variable functions within the element, a simple trapezoidal
integration procedure arises. This procedure consists of
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taking the average flux on the face of a control volume and
multiplying it by the area projected perpendicular to the x or y
directions to obtain the mass or momentum traveling across
that face in those directions. A proper summing of the mass
and momentum of the faces around the control volume results
in an integration of the Navier-Stokes equations and the first-
order change in time of the primary variables.

Consider the simple case of the integration of </> over a two-
dimensional unit square element, as shown in Fig. la. Let </> be
represented in each of the subvolumes of the element by a
function such as that of Eq. (9). For subvolume 1, Eq. (9)
becomes

1 0 0

1 1 0

1 0 1

(15)
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Since [</>,] and the stiffness matrix are constant over the
subvolume, the integration of Eq. (15) involves only the shape
function, [SF\. For example, the closed integral of 0 with
respect to x is

S .V . I
(16)

The same process may be carried out for subvolume 2 of Fig.
la to give

& <M*=[-0.5 0 0.5][</>,]
J s.v.2

(17)

The closed integral around the total element may be per-
formed by assembling the matrices on the right-hand side of
Eqs. (16) and (17). This is performed in the following manner:

node: 1 2 4
[0.50 -0.5]

3 4 2 1 2 3 4
[-0.500.5] = [0.50.5 -0.5 -0.5] (18)

so that

polygon
(t>edx=[0.5 0.5 -0.5 -( (19)

Equation (19) is simply the sum of the average </> of each face
of the element multiplied by the corresponding change in x
across that face. In the same fashion, a closed integral of a
function with respect to y may be performed by multiplying
the average value of the function along each face of the
control volume by its corresponding change in y and summing
the results. Appendix B gives the control volume equations
for the calculation of the first-order changes in time using this
technique with the Navier-Stokes equations. The calculation
of all shear stress terms within the control volume one-step
scheme remains the same as that of the finite element
technique. Figure 4a demonstrates the first-order change
calculation step.

Second-Order Changes in Time
Since integrations may be performed through summing of

area-weighted face fluxes, the second-order change in-
tegration may be included in the distribution step. By adding
or subtracting area-weighted first-order element change fluxes
to the nodes as part of the distribution step, an integration of
the second-order change equations is performed. This step is
shown in Fig. 4b. Ni was the first to use this technique for the
solution of the Euler equations. Appendix B gives the
resulting distribution equations for the control volume one-
step scheme. Unsteady shear stress terms associated with the
time derivative of the Navier-Stokes equations are usually
ignored in this scheme, as is done in the finite element
technique.

Multiple-Grid Scheme
Since the unsteady shear stresses usually may be neglected,

the Ni multiple-grid convergence acceleration scheme may be
used to reach steady-state solutions in considerably fewer
time-step iterations. This multiple-grid scheme takes the total
of the first- and second-order changes that exist at the nodes
from the fine grid, interprets them as element first-order
changes of a grid that has been doubled in size, distributes
I/TV of the new element changes plus the biased second-order
changes to the corner nodes of the larger primary elements,
interpolates the new changes at intermediate nodes, and
updates the primary variables. This process continues on
successively larger grids. Figure 4d demonstrates this step in
the control volume scheme.

Results and Discussion
The described finite element and control volume numerical

techniques have been tested on a variety of viscous flow
problems. The results of three cases demonstrates that the
present schemes are stable and accurate over a wide range of
flow conditions.

Supersonic Nozzle
Figure 5 shows the comparison of the finite element viscous

solution with experimental data for a planar nozzle (Bl)
reported by Mason et al.9 The experimental data were taken
at midspan of the duct walls and on the centerline of the
endwalls. By dropping the viscous terms (/* = 0.0) in the basic
solver, the solution to the Euler equations also may be ob-
tained using the same technique. Excellent agreement between
the numerical solutions and the experimental data exists for
both the nozzle wall and centerline positions. A 49x6 point
uniform mesh breakup was used in the Euler solution of the
half-nozzle, whereas a 49x13 point mesh was used in the
Navier-Stokes solution. The streamwise mesh lines were
spaced quadratically from the nozzle wall to the centerline in
the Navier-Stokes mesh. The Euler and Navier-Stokes
solutions took 270 and 570 time steps, respectively, to reach
convergence. Convergence was reached when the maximum
change in the total flux at every node was less than 0.0005.

The three-dimensional Euler solution was predicted for this
nozzle using a 49x6x6 uniformly spaced computational
mesh. The resulting pressure distribution of this calculation is
identical to that of the two-dimensional Euler solution. The
calculation took 740 time steps to reach steady state.

Turning Duct
Figure 6 shows the results of the finite element numerical

scheme with experimental data for a 90-deg turning duct
reported by Stanitz et al.10 The experimental data located at
midspan of the duct were taken at a 0.4 exit Mach number
with "clean" (no spoiler) inlet flow. A 47 x 21 point mesh was
used in the Navier-Stokes solution where the mesh was spaced
quadratically away from the wall. At least two computational
points were defined inside of the viscous boundary-layer
region adjacent to each duct wall. The solution took 840 time
steps to reach steady state.

The three-dimensional finite element code was run on the
Stanitz duct at the same aerodynamic conditions. An Euler
solution was calculated on a 49 x 9 x 4 uniform mesh for the
half-duct taking 870 iterations to reach convergence. As
expected, the inviscid pressure distribution is identical to the
two-dimensional Euler and Navier-Stokes solutions since the
endwalls of the duct are planar. A preliminary prediction of
the Navier-Stokes solution was made using a 50 x 15 x 8 mesh.
The mesh was spaced quadratically from each wall for the
half-duct geometry. A steady-state solution was reached in
1340 iterations. Barber11 and Moore and Moore12'13 have
modeled the flow in this duct successfully for the case when
inlet boundary layers where increased in size with spoilers thus
amplifying the secondary flow and reducing the need for very
fine mesh spacing, It has been found that in order to predict
the exit plane stagnation pressure loss contours accurately for
the clean inlet boundary-layer case, the mesh density needed
to resolve the flow structure must be much greater than that
used in this initial attempt. The computational times required
to calculate three-dimensional flows with greater mesh
densities using the finite element two-step code are unac-
ceptable, however, until the multiple-grid accelerator can be
connected.

The results of the control volume one-step technique for the
Stanitz duct with and without the multiple-grid effects are
also shown in Fig. 6 using the same mesh as used in the two-
dimensional finite element calculations. One level of the
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multiple-grid scheme was used for this grid. Differences in the
locations of the Mach number contour locations of the finite
element and control volume schemes are attributed to the
difference in the accuracy of the approximations used within
the elements of the two techniques. The use of basis functions
for the density and velocity components in the finite element
scheme, as compared to the linear approximations used for
the density and mass flux components in the control volume
scheme, results in a more accurate representation of the
Navier-Stokes equations. Figure 7 demonstrates the con-
vergence history for the cases shown in Fig. 6. The accuracy
of the finite element technique results in a lower number of
time steps to reach convergence than the basic control volume
scheme (without multiple-grid). The amount of extra com-
puting time involved in attaining the higher accuracy, though,
leads to greater computational times for the finite element
scheme. The basic control volume scheme took 1560 iterations
to reach steady state. The control volume scheme with the use
of the multiple-grid routine took 720 time steps to reach

Re = 45DTHOM

Re = 36A
Re = 40——Moo =0.1

NAVIER-STOKES

CP

0 20 40 60 80 100 120 140 160 180 200

8 (DEGREES FROM LEADING EDGE)

Fig. 8 Comparison of control volume one-step technique with ex-
perimental data.

convergence. The use of the multiple-grid acceleration routine
demonstrates a significant savings in both time steps and
computational time compared to the finite element technique
and the basic control volume scheme.

Cylinder
Computational efficiency and accuracy for the control

volume one-step technique is demonstrated in Fig. 8 for the
case of flow over an isolated cylinder. The freestream Mach
number is 0.1 and the Reynolds number based upon cylinder
diameter is 40. A 129x33 point polar grid was used for the
calculations shown in Figs. 8 and 9. The mesh was spaced
quadratically from the surface. Along the freestream
boundary, located 3.5 diameters from the cylinder surface,
the total pressure was held constant at all inflow boundary
points and a radiation condition was used at the outflow
points. The predicted surface pressure distribution of the
control volume scheme is compared with experimental data
taken by Thorn.14 These results, along with the calculated
streamline pattern shown, demonstrate the ability of this code
to predict viscous dominated flows efficiently using the
multiple-grid scheme.

The convergence rates of the control volume scheme with
and without the multiple-grid acceleration routine are shown
in Fig. 9. The basic scheme (without multiple-grid) took 1010
iterations and 970 s on an IBM 3081 computer to reach a
steady-state solution. The same scheme run with three levels
of the multiple-grid technique took 190 iterations and 230 s to
converge. An 81% savings in time steps and a 11% savings in
computational time is realized for this case with the utilization
of the multiple-grid scheme.

Conclusions
This paper presents a new technique for solving the laminar

Navier-Stokes equations using an explicit, second-order
accurate, control volume, time-marching routine. A two-step
control volume scheme which utilizes finite elements in the
integration steps of the numerical approach is defined and
described. As a subset to this scheme, a one-step control
volume routine, which uses a formula to distribute biased
time-rate changes from control volumes to the grid points, has
been developed also. The new technique has been combined
with the Ni multiple-grid convergence acceleration algorithm
to calculate laminar viscous flow efficiently. Time-step and
boundary condition requirements for this technique are
described.

Cases of internal and external laminar flows demonstrate
that the technique is stable and accurate for a wide range of
conditions, including supersonic an,d viscous dominated
flows. The finite element two-step technique has two basic
advantages over the control volume one-step scheme. The
finite element solver has more accurate approximations within
each element and has a faster convergence rate than the basic
control volume scheme. However, the finite element solver
requires more computational time than the control volume
scheme due to the element approximations and the two-step
algorithm. The control volume one-step scheme has the main
advantage of efficiency over the finite element scheme. The
use of the multiple-grid acceleration routine may be used with
either approach to greatly reduce the computational time to
obtain steady-state viscous solutions.

Appendix A: Finite Element First-Order
Change Equations

0. 200 400 600 800 1000 1200
ITERATION

Fig. 9 Comparison of convergence rates of control volume one-step
technique with and without multiple-grid.

Continuity:

Ap= - [Pi] *[ISF2Y][W/] + ̂ - (Al)
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Axial momentum:

— Apu = -7?rr[ISFY][p,] + [pw,]*[ISF2X][*;,]
At

27 27

(A2)

Tangential momentum:

A_
~At

~-2y

i] - [p«,]*[ISF2Y][t;,]

2y
[pK,niSF2X][i/,

(A3)

where

[ISF2X] - [

[SF2] = [SF][SF]* (A4)

Appendix B: Control Volume One-Step Equations

Continuity:

A
-r^P =

(Bl)

Axial momentum:

-A u= Y --
& PU~ h 2(

1
(puvk+puvk+1)Axk

(B2)

Tangential momentum:

— Apv= ^-
At k=1 ^

-- (puvk+puvk+1)Ayk

2 Vdv dv
- \-^'k+-?-3 Idy dy

7 Vdu du
- \^k+ —3 Ldx dx

where

A = ]/2[(x3 -x} ) (y4 -y2 ) - (x4 -x2 ) (y3 -

AXf= I/4(x2+x3-x1 -x4) Axj= 1/i(x3+x4-x] -x2)

Ay/ = ̂  (y2 +ys -yi -y4 ) &yj = ̂  (y3 +^ -yi -^2 ) (B4)

and

^ A0+

p, pu, pv (B5)

dpu
- ——

dpu

dpv——

dpv

Ax,

(B6)

a/?
_

(B7)
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A
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dt
dpuv
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dpuv
(B8)
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